Based on the idea of the work by Wilczek and his collaborators, we consider the gravitational anomaly near weekly isolated horizon. We find that there exists a universal choice of tortoise coordinate for any weakly isolated horizon. Under this coordinate, the leading behavior of a quite arbitrary scalar field near horizon is a 2-dimensional chiral scalar field. This means we can extend the idea of Wilczek and his collaborators to more general cases and show the relation between gravitational anomaly and Hawking radiation is a universal property of black hole horizon.
I. INTRODUCTION
Hawking radiation and black hole thermal dynamics is believed to be most important evidence for the deep relation between quantum theory and general relativity. After Hawking's original paper [1, 2] , many works have been done in this area in order to get deeper understanding on the properties of quantum fields in curved spacetimes. Many methods have been developed in last several decades. They all show that the phenomena of Hawking radiation exists for many kinds of black hole [3] - [10] , including for some non-stationary black holes [11] - [13] . Recently, Wilczek and his collaborators proposed a new method based on the anomaly analysis [14, 15] . The anomaly analysis in the study of the Hawking radiation can be traced back to Christensen and Fulling [16] . They consider the trace anomaly of a conformally invariant scalar field in Schwarzschild background and show that there is a relation between the Hawking radiation and anomalous trace of the field under the condition that the covariant conservation law is valid. By imposing a boundary condition near horizon, Wilczek and his collaborators prove that the Hawking radiation is just the cancel term of the gravitational anomaly of the covariant conservation law [14] and gauge invariance as well [15] . Later, this idea is extended to other kinds of black holes [17] - [27] . The aim of this paper is to generalize the approach of Wilczek and his collaborators to more general cases, including dynamical black holes. To do so, a general definition of a horizon is needed since the event horizon of black hole cannot describe the dynamical properties of black hole very well [28] . The weakly isolated horizon is the appropriate notation to replace the event horizon. Thus, we shall show in this paper that the approach is available to the weakly isolated horizons.
The organization of this paper is as follows. In section II, we briefly review the definition of weakly isolated horizon and the geometry near it in the Bondi-like coordinate system with Bondi-gauge. Some detail analysis on the asymptotic behavior of the d'Alembert operator near horizon is also made in this section. Section III gives the calculation of gravitational anomaly near a weakly isolated horizon. Section IV focuses on the gauge anomaly of electromagnetic field. In section V, the analysis is generalized to weakly isolated horizons in higher dimensional spacetimes. Section VI contains some discussions.
II. PRELIMINARIES
During last decade, motivated by the need of numerical relativity and relativistic astrophysics, much work has been done to find a quasi-local definition of a black hole. A very nice review on the development on the quasi-local definition of a horizon and its possible applications can be found in Ref. [28] . In the present paper, we will follow the definition of the weakly isolated horizon, given by Ashtekar and his collaborators.
Definition 1 (Weakly Isolated Horizon) Let (M, g) be a space-time . H is a 3-dim null hyper-surface in M and l a is the tangent vector field of the generator of H. H is said to be a weakly isolated horizon(WIH), if 1) H has the topology of S 2 × R; 2) The expansion of the null generator of H is zero, i.e. Θ l = 0 on H; 3) T ab v b is future causal for any future causal vector v a and Einstein equation holds in a neighborhood of H;
By definition, it can be shown that there exists a 1-form ω a on H such that D a l b= ω a l b , where= denotes the equality restricted to H. Similarly, for quantity f on spacetime,f means the value of f on horizon H, following the notation in Ref. [28] .
As in Ref. [29] , we can introduce a Bondi-like coordinates (u, r, θ, ϕ) in a neighborhood of horizon H in the following way. First, denote the tangent vector of null generator of H as l a and another real null vector field as n a . Then, the foliation of H gives us the natural coordinates (θ, ϕ). Their Lie drag along each generator of H together with the parameter u of l a form the coordinates on H. Finally, choose the affine parameter r of n a as the forth coordinate. Furthermore, we can also choose a set of null tetrad which satisfy Bondi gauge in this neighborhood [30, 31] . The expression of the tetrad in Bondi coordinates are
where
and ζ = e iϕ cot θ 2
. Then the metric takes the form [31] (
It is easy to see that
−1 with A, B = 3, 4. Obviously, h AB is the induced metric on the section of WIH.
In the Newman-Penrose formalism, the Bondi gauge can be expressed as
where D := l a ∇ a , ∆ := n a ∇ a , δ := m a ∇ a andδ :=m a ∇ a as the standard notation in [30] . Other three spin coefficients are
In the Bondi gauge, 1-form ω a is expressed as
and (ε +ε)| H is constant [28] . In addition, the definition of WIH implies ρ= σ= 0.
Based on the result in Ref. [28] , the angular momentum of WIH is
where ϕ a is a vector field on section S. So, among the NP coefficients, only π is related to the angular momentum of WIH.
The commutators of the null tetrad require
The d'Alembert operator can be re-written as
Detail calculation also tells us
where ∆ S is the Laplacian on the coordinate 2-sphere.
III. GRAVITATIONAL ANOMALY
In this section, we will show that the relation between Hawking radiation and gravitational anomaly still exists for weakly isolated horizons.
Let's consider a scalar field near a weakly isolated horizon, whose action can be written as
Using Eq. (7), it can be written in the explicit form in Bondi-like coordinate system
Introduce new coordinates in a neighborhood of WIH as
where dr * = dr/f (r) and f (r) = 2(ε +ε)r + O(r 2 ). Then it is easy to get
Denote {λ k } are eigenvalues of the Laplacian ∆ S and {F k } are associated (normalized) eigenfunctions, and make the variable separation for the scalar field φ as
Then, the action becomes
Here the symbolÕ(r) represents an O(r) operator without O(r)∂ r terms and
is anotherÕ(r) operator. In the tortoise coordinate dR * = dR/f , the action reduces to
With respect to coordinate R * , the term O(r) vanishes exponentially, so the dominant term of the action (8) near a weakly isolated horizon takes the form of an infinite collection of 2-dimensional fields. The metric of the effective 2-dimensional spacetime is
and the horizon is the boundary of the effective spacetime. This behavior is similar to what happens near Schwarzschild black hole horizon [14] .
As in Ref. [14, 17] , the effective 2-dimensional spacetime is bounded by the horizon on one side (at R = r = 0), on which the boundary condition that the outgoing modes vanish is imposed. Then, in the "near horizon region", 0 < r < a with a → 0, the fields become chiral. It is well-known that a (4k + 2)-dimensional chiral theory contains the following gravitational anomaly [32] - [35] 
where α, β, η, µ, ν = 0, 1, g is the determinant of (4k + 2)-dimensional metric, and the convention ǫ 01 = 1 is used. The divergence of the energy-momentum tensor can be generally written as
In the "out region", r > a, there is no anomaly in the divergence of the energy-momentum tensor. Therefore, N µ ν = 0 and thus A ν = 0. In near horizon region, from the metric (16) and Eq.(17), it is easy to see
where a prime means ∂ R and thus
The effective action for the metric after integrating out the field φ is
where S[φ, g µν ] is the classical action. A basic requirement for a well-defined quantum theory is that it should be anomaly free. In the present case, it is equivalent to require that the full quantum theory is diffeomorphism invariant. The requirement can be expressed in terms of W [g µν ]. Suppose v a to be a vector field, δ v is the variation induced by v a . Under the variation induced by any v a ∈ T M,
where T µ χ ν and T µ O ν are the energy-momentum tensor in near horizon and in the out region, respectively, as the notation in [14] , and Θ + = Θ(r − a) and Θ − = 1 − Θ + are step functions.
To obtain the concrete expression for the variation of effective action, the explicit expression for the energy-momentum tensor is needed. Because the effective metric is static, T 
and T (R) is the trace of energy-momentum tensor. Therefore, the variation of the effective action becomes
The requirement that lim a→0 δ v W = 0 for any vector field v a demands
On the other hand, the surface gravity of a WIH is κ l = l a ω a = (ε +ε) [28] . So,
This means the gravitational anomaly near WIH has similar behavior as in Schwarzschild spacetime [14] .
The total energy-momentum tensor
Oν can be rewritten, in the limit a → 0, in two parts:
where T µ c ν is the conserved energy-momentum tensor of matter field which behaves as without any quantum effects, and T µ Φ ν is a conserved tensor with K = −Q = Φ, a pure flux, which appears as the requirement to cancel the gravitational anomaly. Since Eq.(28) has the same form as the flux of black body radiation in R direction at temperature T in 2D spacetime, it is just a thermal radiation with the Hawking temperature T = κ l /(2π).
A remark on the relation between our results and the Planck distribution is needed. It is well-known that a quantum field theory in curved space-time deeply depends on the choice of the observer. Unruh effect is a quite nice example. In this section, the observers which we used are rest ones in the "rest frame" in terminology of Ashtekar et al [28] . Concretely, the time direction is ∂ t and the coordinate system is (t, R, θ, ϕ). In the coordinate system, a mode state of scaler field φ(x) labeled by quantum number E and m is φ ∝ exp(−iEt + imϕ), and the distribution function observed by the observer, following the argument in Ref. [14, 15, 18] , is (exp(E/T ) + 1) −1 .
However, as emphasized in Ref. [28] , not every choice of time direction will result in a Hamiltonian evolution in the phase space, then a horizon mass and first law of black hole thermal dynamics. In order to obtain the black hole mechanical law, one has to choose the canonical time. In non-rotational cases, the difference between our t and the canonical one is higher order terms so it makes no contribution. In contrast, the non-zero horizon angular momentum will change all things. In the latter case, the leading term of the canonical time is
where ∂ ϕ is the Killing vector for the metric on the 2-dimensional section of horizon and Ω t is the angular velocity of the horizon. What is interested in is the radiation seen by the canonical observers.
In the coordinates of a canonical observer near the horizon, (t c , R c , θ c , ϕ c ), which is defined by
the mode state should be
Then the distribution function observed by a canonical observer should be 1 exp(
This is the Planck spectrum with non-zero chemical potential. It means that a rotational isolated horizon has the same radiation spectrum as Kerr black hole [17, 18] .
IV. GAUGE ANOMALY
Now, let us turn to consider the gauge anomaly near WIH. The action of a complex scalar field φ(x) near WIH coupled to electromagnetic field is
In the second equality a surface term is omitted.
The first interaction term in the integrand reads in the coordinate systems used in the previous sections
Under the coordinate transformation (11),
Thus,
Suppose A a be in the Ashtekar gauge, defined by [28, 36 ]
where an arrow " ← − " denotes the pullback to H, e.g. A a ← − denotes the pullback of A a to H. In the Ashtekar gauge, Φ l := −l a A a is constant on H, which is the analogue of the static electric potential on the Reissner-Nordström horizon [15] . The potential A ′ a = A a + (dα) a is also in the Ashtekar gauge if and only if
Therefore, for a given A a satisfying (35) with a nonzero A R on H, there exists a gauge transformation satisfying (36) and
which makes A ′ a satisfy (35) with
Namely, one may always write
without loss of generality. The second interaction term is just the complex conjugate of the first one. The last interaction term reads in the above gauge
Therefore, under above gauge choice, the interaction part of the action in near horizon region can be written as
and the action of the complex scalar field as
It shows that the physics near WIH is an infinite collection of (1+1) dimensional fields in the effective 2-dimensional space-time with a U(1) gauge field.
Again, the boundary condition of neglecting the ingoing modes near WIH is imposed. As reviewed in [32] , the consistent form of 2-dimensional Abelian anomaly is
where J µ is the current of the U(1) field. The current is conserved in out region and satisfies above equation in near horizon region. The general solution of Eq.(42) for J µ is
where c O and c H are constants. The vanishing variation of the effective action with respect to the gauge parameter Λ
Further, the covariant current vanishes at the WIH results in
It is just the charge flux. For Reissner-Nordstöm black hole, as an example, Φ l = Q/(2r + ) and Eq.(47) reduces to Eq.(12) in [15] . It is worth to point out that above result is independent on the gauge choice Eq.(35) because of Eq.(42).
V. GENERALIZATION TO WEAKLY ISOLATED HORIZON IN HIGHER DIMENSIONAL SPACETIME
The previous discussion can be straightly generalized to the WIH in a higher dimensional spactime.
Definition 2 (Weakly Isolated Horizon in Higher Dimensional Space-time) An (n − 1)-dimensional null hypersurface H in an n-dimensional spacetime (M, g) is said to be a weakly isolated horizon (WIH), if 1) H has the topology of K × R, where K is an (n − 2)-dimensional compact Riemannian manifold; 2) the expansion of the null generator of H, whose tangent vector field is l a , is zero, i.e. Θ l = 0 on H; 3) T ab v b is future causal for any future-directed causal vector v a and n-dimensional Einstein equations hold in a neighborhood of H; 4) acting on l, Lie derivative L l and induced covariant derivative
Again, there exists a 1-form ω a such that D a l b= ω a l b by definition. Now, in the Bondi gauge in a neighborhood of H, n-bein can be expressed in the Bondilike coordinates (u, r, ζ A ) with A, B = 2, · · · n − 1 as
They satisfy the normal condition:
The metric of n dimensional spacetime is [31] (g µν ) =
In the Bondi coordinates, |g| = √ h where (h AB ) :
The Bondi gauge can be expressed as
where D and ∆ is defined as before, δ A := e Aa ∇ a . In the Bondi gauge, 1-form ω a is expressed as
where ε 0 := n µ Dl µ= constant [28] . In addition, the definition of WIH in n-dimensional spacetime implies
And the angular momentum of WIH in n-dimensional spacetime is
where ϕ a is a vector field on section K. As before, only π A are related to the angular momentum of WIH.
The commutators of the n-bein are
They require
is the Laplacian on K. Obviously, it has the same behaviors as in 4-dimensional spacetime when r → 0. Like the 4-dimension case, the field φ can also be expressed into a variable separated form φ(
, where {F (n−2) k } are eigenfunctions of the (n − 2)-dimensional Laplacian. Introducing tortoise-like coordinates (t, R) as (10), the previous discussions are still valid for the WIH in the higher dimensional spacetime.
In above work, have shown that the anomaly analysis of Wilczek and his collaborators is indeed applicable to the general weakly isolated horizons. Here, we want to give some remarks on our work. First, we focus on 4-dim spacetime without cosmological constant in previous work. What we want to emphasis is our derivation also holds for the spacetime with a nonzero cosmological constant. The reason is as follows: Suppose we have a 3-dim null surface H in a spacetime with nonzero cosmological constant, such that H satisfies all requirements of definition 1. The Einstein equation with a cosmological constant is G ab − Λg ab = 8πT ab .
We can always move the cosmological constant term to the right hand side of the equation and define a new energy-momentum tensorT ab := T ab + Λg ab /(8π). From the definition of WIH, we have known that T ab satisfies T ll = 0, T lm = T lm = 0 (or T lA = T Al = 0 in higher dimensional spacetime). It is easy to check Λg ab also satisfies these requirements, so the total energy-momentum tensorT ab satisfies the requirements of the definition of WIH. Furthermore, when a positive cosmological constant is present, the spacetime will, in general, have a cosmological horizon, which also satisfies the weakly isolated condition. Therefore, the above derivation also applies to the cosmological horizon. The only difference is that the topology of WIH for negative cosmological constant case is S × R, where S can be any kinds of 2-dim compact manifold [28] .
Second, it is worth to notice that our calculation is just based on Cartan structure equations. This means our calculation can also be used to black holes from other gravitational theories if the black hole horizon is null and has zero expansion, for example the black ring solution, f (R) theory and other theories. This means the Hawking radiation is in fact a kinematical effect of spacetime [37, 38, 39, 40, 41] .
